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ABSTRACT

We demonstrate the existence of an infinite family of finite groups with 2

generators and logarithmic diameter with respect to any set of generators.

This answers a question of A. Lubotzky. Moreover, in our groups, all

minimal sets of generators have at most 3 elements.

1. Introduction

Let G be a finite group and X a set of generators. Let Cay(G, X) denote the

undirected Cayley graph of G with respect to X , defined by having vertex set

G and g ∈ G being adjacent to gx±1 for x ∈ X .

We define diam(G, X) to be the diameter of Cay(G, X), that is, the smallest

k such that every element of G can be expressed as a word of length at most k

in X (inversions permitted). The diameter of a Cayley graph is related to its

isoperimetric properties (cf. [1, 3, 8]). It is easy to see that

(1) diam(G, X) ≥
log(|G| − 1)

log(2|X |)
.

A generating set X is minimal if no proper subset of X generates G.
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Definition 1: Let G be a family of finite groups. We say that G has uniform

logarithmic diameter if there exists a constant C such that for all G ∈ G and

all minimal generating sets X of G we have

(2) diam(G, X) ≤ C
log |G|

log |X |
.

In other words, for such a family, the trivial bound (1) is tight within a

constant factor for all minimal generating sets.

Our main result is the following.

Theorem 2: There exists an infinite family of finite groups of uniform loga-

rithmic diameter.

For a finite group G, let diammax(G) denote its worst diamater,

(3) diammax(G) := max
〈X〉=G

diam(G, X).

Alex Lubotzky [9] asked whether there exists an infinite family of finite groups

Gn and a constant C such that the Gn have a bounded number of generators

and the worst diameter is logarithmic:

(4) diammax(G) ≤ C log |Gn|.

Note that one cannot omit the requirement that Gn has a bounded num-

ber of generators, because otherwise Cn
2 becomes a trivial family of examples.

Definition 1 seems to be a more natural way of avoiding trivial examples.

Lubotzky’s question has been addressed by Oren Dinai [4], who proved that

the family Gn = SL2(Z/pnZ) (where p is a fixed prime) has worst diameter

which is polylogarithmic in the size of Gn. His result relies on the work of

Gamburd and Shahshahani [5], who proved the corresponding result in the case

when the generating set projects onto G1. Another very recent, deep result due

to Helfgott [7] asserts that the family SL2(Z/pZ) has polylogarithmic worst

diameter (over all primes p).

Our proof of Theorem 2 constructs a family of groups with 2 generators and

therefore a positive answer to Lubotzky’s question follows. Theorem 2 will

follow from the following result. Let r, p be distinct odd primes and let W (r, p)

denote the wreath product W (r, p) = Cr ≀ Cp.

Theorem 3: We have

(5) diammax W (r, p) ≤
3

2
(4r − 1)(p − 1) + 1.
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Using our methods, one can also give a general (weaker) bound on the worst

diameter of a wreath product of a cyclic group of prime order by an arbitrary

finite group.

Theorem 4: Let H be a nontrivial finite group, let r be a prime and let G =

Cr ≀ H . Then

diammax(G) < (2r − 1)|H |2 < (2r − 1) log2 |G|.

It is natural to ask whether the O(|H |2) bound can be improved.

Question 5: Do there exist constants C and ǫ > 0 depending only on r such

that

(6) diammax Cr ≀ H < C|H |2−ǫ?

The real question is to find the right invariant of H to replace |H |2 in Theorem

4.

The most intriguing question suggested by Theorem 2 is whether one can

omit the minimality restriction.

Question 6: Does there exist an infinite family of finite groups Gn and

C > 0 such that for all generating sets X of Gn we have

diam(G, X) < C
log |G|

log |X |
?

Helfgott [7] proves that for every generating set of SL2(Z/pZ) of size at least

pδ (δ > 0), the diameter is bounded above by a function of δ. Although even

a uniform logarithmic diameter is far from being known for an infinite fam-

ily of almost simple groups, this result suggests that SL2(Z/pZ) is a possible

candidate answer to Question 6.

Acknowledgement: Theorem 4 was not part of our initial submission; we

are grateful to the anonymous referee for pointing out that this result follows

from our methods. We also thank the referee for the thorough reading of our

paper which helped improve the presentation.

2. Proofs

Let us describe some basic properties of our groups. Let F = Fr denote the

field of r elements. For a finite group G let FG denote the group algebra of G

over F .
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The wreath product W = W (r, p) is the semidirect product of the F -vector-

space U C W of dimension p and the cyclic group C = Cp < W of order p.

The structure of the C-module U is governed by the irreducible factors of the

polynomial xp − 1 over F . It turns out that U decomposes as

U = T × M1 × · · · × Mk

where T is a trivial (one-dimensional) module and the Mj are nontrivial, pair-

wise inequivalent simple modules (1 ≤ j ≤ k). This follows from the fact that

xp − 1 has no multiple roots over F . Since the Galois group of the correspond-

ing extension of F is generated by the Frobenius automorphism x 7→ xr, the

dimension of each simple module Mi is equal to

(7) dimF (Mi) = op(r)

where op(r) denotes the multiplicative order of r modulo p.

The center of W is T . It will be more convenient to factor out T and compute

the diameter of Cayley graphs in the quotient group W/T first.

Let

G = G(r, p) = W/T.

Then G is the semidirect product of the C-invariant subspace V CW of dimen-

sion p− 1 and C. Let us fix a generator c of C. We shall write elements of G in

the form vci where v ∈ V and i ∈ {0, . . . , p− 1}. The C-module V decomposes

as

(8) V = M1 × · · · × Mk

where the Mj are as above. For an arbitrary vi ∈ V let

vi = (vi,1, . . . , vi,k)

denote the decomposition of vi according to (8).

Lemma 7: The automorphism group Aut(G) acts transitively on G\V .

Proof: Using the identity

v−1cv = v−1(0c)v = (vc−1

− v)c = vc−1−1c,

we see that the element c is conjugate to an arbitrary element wc where

w ∈ V (c−1−1) = V (here we use that the Mj are simple nontrivial modules).
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Now the wreath product W can be understood as the semidirect product

of the group algebra FCp by Cp. This shows that every automorphism of Cp

extends to an automorphism of W . Since the center is characteristic, the same

holds for G. That is, the p − 1 conjugacy classes outside V collapse into one

automorphism class.

The following well-known observation appears, e.g., as [2, Lemma 5.1].

Lemma 8: Let G be a finite group and let N C G. Then

(9)
diammax(G) ≤

2 diammax(G/N) diammax(N) + diammax(N) + diammax(G/N).

Proof: For completeness, we include the proof. Let X be a set of generators of

G. Then there exists a set T of coset representatives of N in G such that every

element of T can be expressed as a word of length at most diammax(G/N) in

X . Now the set S of Schreier generators, defined as

(10) S = {txu−1 | t ∈ T, x ∈ X, u ∈ txN ∩ T },

generates N , so every element of N can be expressed as a word of length

(11) ≤ (2 diammax(G/N) + 1) diammax(N)

in X . Finally, G = TN gives us the required estimate.

We note that Lemma 8 also holds if the subgroup N ≤ G is not normal; in

this case diammax(G/N) should denote the worst diameter of a Schreier graph

of G with stabilizer N .

Theorem 9: diammax(G) ≤ (4r − 1)(p − 1)/2.

The essence of the proof will be contained in the following two lemmas which

refer to a specific type of generating set.

Lemma 10: Let X = {c, w2, . . . , wn} where w2, . . . , wn ∈ V . Then the following

are equivalent:

(A) X generates G;

(B) {w2, . . . , wn} generates V as a C-module;

(C) For all 1 ≤ j ≤ k there exists 2 ≤ i ≤ n such that wi,j 6= 0.

Moreover, the generating set X is minimal if and only if the following holds:

(D) for all 2 ≤ i ≤ n there exists 1 ≤ j ≤ k such that for all ℓ 6= i we have

wℓ,j = 0.

Proof: Let FC denote the group algebra of C over F . Let H be the group

generated by X . Let v ∈ H be a product of elements of X . It is easy to
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see that v ∈ V if and only if the exponent sum of c is divisible by p. By a

standard rewriting argument and using that c has order p, this means that v

can be written as a product of conjugates of the wi by powers of c. Changing

to module notation, we obtain

(12) H ∩ V = w2FC + · · · + wnFC.

Since c generates C, this shows that (A) is equivalent to (B).

It is trivial that (B) implies (C). Assume that (C) holds. Let

(13) W = w2FC + · · · + wnFC.

Then W is a submodule of V such that all projections of W to the Mi in the

decomposition (8) have nonzero images (1 ≤ i ≤ k). Since the Mi are pairwise

inequivalent simple modules, we obtain W = M1+ · · ·+Mk = V . So (C) implies

(B).

We have shown that (A), (B) and (C) are equivalent.

The last claim now easily follows from (C). Indeed, let 2 ≤ i ≤ n. Then

X\{wi} satisfies (C) if and only if for all j (1 ≤ j ≤ k) there exists ℓ 6= i such

that wℓ,j 6= 0. Thus (D) is equivalent to saying that X\{wi} is not a generating

set for 2 ≤ i ≤ n, which holds if and only if X is minimal.

Lemma 11: Let X = {c, w2, . . . , wn} where w2, . . . , wn ∈ V and assume X

generates G. Then every v ∈ V can be obtained as a word of length at most

(r + 1)(p − 1)/2 in X with the wi occurring at most a total of (r − 1)(p − 1)/2

times.

Proof: We may assume that c, w2, . . . , wn is a minimal generating set; other-

wise, drop some of the wi. For 2 ≤ i ≤ n let

Ai = {1 ≤ j ≤ k | wi,j 6= 0}

and let

Bi = Ai\

i−1⋃

l=2

Al.

Then the Bi are pairwise disjoint, nonempty (because the generating set is

minimal) and
n⋃

i=2

Bi = {1, . . . , k}.
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Also for 2 ≤ i ≤ n let

Vi =
∏

j∈Bi

Mj ⊆ M1 × · · · × Mk = V.

Then

(14) V = V2 × · · · × Vn.

Let di = dimF Vi (2 ≤ i ≤ n). The vector wi is not necessarily an element

of Vi. Let w′
i be the Vi-component of wi (2 ≤ i ≤ n) corresponding to the

decomposition (14).

Let F [x]d denote the space of polynomials of degree at most d over F . Since

Vi is a direct product of simple pairwise inequivalent F [x]-modules, w′
i generates

Vi and

(15) Vi = w′
iF [x] = w′

iF [x]di−1

(otherwise a polynomial of degree at most di − 1 would annihilate Vi, a contra-

diction). This implies that the subspace wiF [x]di−1 projects surjectively onto

Vi and so

V = w′
2F [x]d2−1 + · · · + w′

nF [x]dn−1 = w2F [x]d2−1 + · · · + wnF [x]dn−1.

Changing to group notation, this means that for all v ∈ V there exist poly-

nomials f2, . . . , fn such that deg fj ≤ dj − 1 and

v = w
f2(c)
2 + · · · + wfn(c)

n .

Now we will use the Horner scheme to obtain v as a short word in the gener-

ating set c, w2, . . . , wn.

Let w ∈ V and f(x) ∈ F [x] of degree d − 1. We claim that wf(c) can be

obtained as a word in c and w of length at most (r + 1)d and we use w at most

(r − 1)d times. This goes by induction on d. For d = 1 the claim is obvious.

If d > 1 then f(c) = cg(c) + ǫ where

ǫ ∈ F = {−
r − 1

2
, . . . ,

r − 1

2
}

and deg g = d − 2. Now

wf(c) = c−1wg(c)c + ǫw



200 M. ABÉRT AND L. BABAI Isr. J. Math.

which by induction has length at most

2 +
r − 1

2
(d − 1) +

r − 1

2
=

r − 1

2
d.

Also, we used w at most (r − 1)d times. This proves the claim.

In particular w
fj (c)
j can be obtained as a word in c and wj of length at most

(r + 1)dj/2. Adding up, v can be obtained as a word in c, w2, . . . , wn of length

at most (r + 1)(p − 1)/2 where we used the wj at most (r − 1)(p − 1)/2 times.

Now we turn to the proof of Theorem 9.

Proof of Theorem 9: Let v1c1, . . . , vncn be a set of generators of G. For

α ∈ Aut(G) the Cayley graphs

Cay(G, {(v1c1)
α, . . . , (vncn)α}) and Cay(G, {v1c1, . . . , vncn})

are isomorphic. Since at least one of the ci has to be nontrivial, using Lemma (7)

we can assume that v1 = 0 and c1 = c.

Now c, v2c2, . . . , vncn generate G if and only if c, v2, . . . , vn do. For 2 ≤ i ≤ n

let us define

wi = [c, vici] = c−1c−1
i vicvici = vcic−ci

i = (vci

i )c−1.

Since the Mj are nontrivial simple, wi,j = 0 if and only if vi,j = 0. Using

Lemma 10 this shows that c, w2, . . . , wn also generate G.

Let us now apply Lemma 11 to this latter set of generators. Noting that

wj = [c, vjcj ] can be obtained as a word of length 4 in c and vjcj , we infer from

Lemma 11 that any v ∈ V can be obtained as a word in the original generating

set v1c1, . . . , vncn of length at most

4(r − 1)(p − 1)/2 + (p − 1) = (2r − 1)(p − 1).

So the diameter of G with respect to v1c1, . . . , vncn is at most

(2r − 1)(p − 1) +
p − 1

2
=

(4r − 1)(p − 1)

2
.

This completes the proof of the theorem.

Proof of Theorem 3: The center T = Z(W ) has order 2 so diammax(T ) = 1.

Using Theorem 9 and Lemma 8 we get

diammax(W ) ≤ 3 diammax(G) + 1 ≤
3

2
(4r − 1)(p − 1) + 1
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as claimed.

For a finite group G let m(G) denote the largest size of a minimal generating

set of G. This measure has been investigated by Saxl and Whiston (see [10] and

references therein) for various classes of groups.

We are ready to prove our main theorem.

Proof of Theorem 2: Heath-Brown’s solution [6] to Artin’s conjecture tells us

that, with maybe two exceptions, every prime r is a primitive root modulo p for

infinitely many primes p. In particular, for one of r = 3, 5 or 7 there exists an

infinite set p1, p2, . . . of primes such that opi
(r) = pi − 1 for all i.

Let

Wi = W (r, pi).

We claim that the family {Wi} has uniform logarithmic diameter. Indeed, in

the decomposition (7), V = M1 is itself irreducible and so U = T × M1. Using

Lemma 10 it follows that

m(Wi) = 3 (i ≥ 1).

Now let X be a minimal generating set for Gi. Applying Theorem 3 and esti-

mating for r = 3, 5, 7 we get

lim
i→∞

diam(Gi, X) log |X |

log |Gi|
≤

3(4r − 1) log 3

2 log r
< 22.9.

This implies that for infinitely many i we have

diam(Gi, X) < 23
log |Gi|

log |X |
.

This completes the proof of Theorem 2.

Note that all the results and estimates hold for r = 2 with somewhat weaker

constants.

Finally, we prove the weaker but more general estimate stated in Theorem 4.

Proof of Theorem 4: Let k = |H |. The group G is a semidirect product of

V = Ck
r and H . Let X = {v1h1, . . . , vnhn} be a generating set of G with vi ∈ V

and hi ∈ H (1 ≤ i ≤ n). Then {h1, . . . , hn} trivially generates H . Since any

undirected Cayley graph of H has diameter at most k − 1, for all h ∈ H there

exists a word wh in h1, . . . , hn of length less than k such that wh(h1, . . . , hn) = h.

For h ∈ H let

h̃ = wh(v1h1, . . . , vnhn)
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and let T = {h̃ | h ∈ H}. Then T is a transversal for V in G, so

Y = {txu−1 | t, u ∈ T, x ∈ X, V u ∈ V tx}

is a set of Schreier generators for V . Let Z be a minimal generating subset

(basis) of Y .

Now each element of Z has length at most 2(k − 1) + 1 < 2k in X . Each

element of V has length at most (r − 1)k in Z and so it has length at most

2(r − 1)k2 in X . This gives us

diam(G, X) < 2(r − 1)k2 + k < (2r − 1)|H |2 ≤ (2r − 1) log2 |G|,

completing the proof of Theorem 4.

Remark: As we have seen, generation in W (r, p) is governed by the structure

of the underlying module and the maximum size of a minimal generating set of

W (r, p) is

(16) m(W (r, p)) = 2 + (p − 1)/op(r).

From Heath-Brown’s result, m(W (r, p)) = 3 occurs infinitely often even if we

restrict r to be one of 3, 5 or 7. It is interesting to observe that the other

extreme, namely, when op(r) takes on its minimal possible value logr(p − 1),

occurs exactly when r = 2 and p is a Mersenne prime.
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